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Effect of Thermal Stresses on the Failure Criteria of Fiber
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2Department of Mechanical and Aerospace Engineering, University of Florida, Gainesville,

Florida, USA

When composite laminates are operated at cryogenic temper-
atures, thermal stresses arise. This is due to the difference in co-
efficients of thermal expansion of different plies and also between
the fiber and matrix. While the former is taken into account in
the composite structural analysis, the latter, called micro-thermal
stresses, has not been given much attention. In this paper the Direct
Micromechanics Method is used to investigate the effects of micro-
thermal stresses on the failure envelope of composites. Using FEA
the unit-cell of the composite is analyzed. Assuming the failure cri-
teria for the fiber and matrix are known, the exact failure envelope
is developed. Using the micromechanics results, the Tsai-Wu fail-
ure envelope is modified to account for the micro-thermal stresses.
The approach is demonstrated using two example structures at
cryogenic temperature.

Keywords composite failure criteria, cryogenic temperature, Direct
Micromechanics Method, fiber composites, finite element
method, micromechanics, thermal stresses

1. INTRODUCTION

As composite structures are more commonly operated at tem-
peratures different from their stress free reference temperature,
e.g., cryogenic tanks [1], the need for accurate thermal analy-
sis procedures arises. Yet, when these procedures involve phe-
nomenological failure criteria, the thermal stresses are only dealt
with on a macroscopic level or ply-level. The mismatch of the
coefficients of thermal expansion (CTE) of the fiber and ma-
trix materials is also a source of thermal stress, which is not
accounted for in stress analysis, as the composite materials are
usually modeled as homogeneous orthotropic materials. Con-
sider a change in temperature AT in a unidirectional composite
modeled as an orthotropic material. If the lamina is allowed
to expand freely, then the strains will be given by o AT, etc.,
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and there will be no stresses in the composite. Then, any of the
phenomenological failure criteria such as maximum stress, Tsai-
Hill or Tsai-Wu theories would not predict failure of the com-
posite, as there are no stresses. However, there will be stresses
within the composite because of the mismatch in CTEs of the
fiber and matrix. The average of these stresses, which are the
macro-stresses, will be equal to zero. However, if the micro-
thermal stresses are large enough, they can cause failure of the
matrix or the fiber-matrix interface. Such failures cannot be pre-
dicted by the aforementioned phenomenological failure criteria.

In this paper the Direct Micromechanics Method (DMM) is
used to investigate the effect of micro-thermal stresses on the
failure of fiber reinforced composites at cryogenic temperatures.
These results are compared to results obtained using available
phenomenological failure criteria. The DMM, first proposed by
Sankar, is a finite element-based micromechanical analysis of
the composite unit cell (also called a representative volume ele-
ment). It has been used in several articles, e.g., [1-5], to analyze
and evaluate phenomenological failure criteria. The DMM can
be thought of as a numerical laboratory, capable of simulating
a variety of loading combinations, which may be difficult to
achieve in the actual laboratory. This can range from uni-axial
stress states, to full 3D stress states. The DMM procedure can
be divided into two parts—a finite element stress analysis of the
unit-cell and a micromechanical failure analysis (MFA). In this
paper we suggest modifications to phenomenological criteria
by taking into account the apparent loss of strength at cryo-
genic temperatures. Then, the modified failure criteria, which
are adjusted for the micro-thermal stresses, are found to be sat-
isfactory in predicting failure in composite structures operated
at cryogenic temperatures. The procedures are illustrated by
considering two example composite structures.

2. MICRO-MECHANICAL ANALYSIS

The goal of the finite element-based micro-mechanics is to
obtain the unit-cell response, when subjected to different loads,
either mechanical or thermal. In the DMM procedure, the unit-
cell is subjected to six different independent macro-strains and
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TABLE 1
Geometric properties of the unit cell
L 10 pm
Vy 60%
R 4.07 pm
T 0.4 pm
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FIG. 1.

one thermal load case. In practice this results in seven different
FE models, which however share geometry, material properties,
elements and mesh properties as explained in the following
paragraphs.

The unit cell was analyzed using the commercial software
Abaqus®, Version 6.6-1. In this paper, two different coordinate
systems will be used. The 123-system refers to the principal ma-
terial directions, with the 1-axis coinciding with the fiber direc-
tion. The xyz-coordinate system is used in the FEA model to ap-
ply boundary conditions etc. The z-axis coincides with the fiber
direction. The two coordinate systems are shown in Figure 1.

A hexagonal unit-cell is used in this study (Figure 2). The
hexagonal geometry is chosen over the square as the hexago-
nal pattern is closer to the random fiber distribution commonly
found in unidirectional fiber composites [1]. The characteristic
length L, fiber volume fraction V, fiber radius r and thickness
t of the unit cell are presented in Table 1. The material proper-
ties chosen are typical of carbon/epoxy composite, since this is
commonly used material in aerospace structures for cryogenic
applications. The material properties are given in Tables 2 and
3. The tensile, compressive and shear strengths are denoted by
St, Sc and Sy, respectively. It should be noted that the purpose
of this paper is not to accurately determine the properties of a
carbon/epoxy composite, but to compare the DMM with other
failure criteria. As such, the values of the material properties are
of less important.

1,z 2.x

FIG. 2.

As mentioned earlier, the unit-cell is subjected to six different
mechanical load cases, and one thermal load case, which will be
explained in a following section. In each of the mechanical load
cases, the six macro-strains of the composite are set to unity
one at a time. The periodic boundary conditions for the six
unit-strain cases and the thermal case are presented in Table 4.
This part of the FEA is based upon work done by Stamblewski,
et al. [5]. In Table 4 u, v and w denote the displacements in
the coordinate directions. The subscripts ag, a;, etc. denote the
different sides of the hexagonal unit cell as shown in Figure 2.
The symbol L denotes the distance between the opposite faces
of the hexagon.

The stiffness or elasticity matrix [C] of the homogenized
composite can be calculated from the macro-stresses in the unit-
cell for each of the unit macro-strain cases as

oy .
Cij = 7 i,j=1,...,6 (nosummation) nH
&
()

In the above equation o;’’ is the i macro-stress for the j®

unit-strain case and ey ) = 1. The six macro-stresses for each
unit strain case are calculated as the volume average of the

corresponding micro-stresses:

€max

1 @@ ;
0, = — oV i=1,...,6 2
VEe ; i (2)

where V© and V, respectively, are the volumes of element ¢ and
the unit cell, 0 is the average micro stresses in element ¢ and
emax 18 the total number of elements. For the present example,

TABLE 2
Carbon fiber material properties used in the study. Elastic moduli and strengths are in GPa units. CTEs are in ppm/C
E, Ey = E; Vi2 = Vi3 V23 Gio=Gi3=0Gn o o = 03 St Sc S12
263 19 0.2 0.35 27.6 —0.54 10.1 4.23 2.99 1.76
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TABLE 3
Epoxy resin material properties used in this study. Elastic
moduli are in GPa and strengths are in MPa units. CTEs are in
ppm/C

E v G o St Sc Si2

263 0.2 27.6 41.4 48.8 2.99 1.76

the elasticity matrix of the composite was found to be

161 38 38 0 0 O
104 46 0 0 O
104 0 0 O
0

0

[C]= GPa 3)

SYM 39 0
39
33

From [C], the engineering elastic constants (see Table 5) are
calculated using the relationship

1/Ey —va/Ey —v31/E; 0 0 0
—vip/Ey 1/E; —vn/E; 0 0 0
cl = —vi3/Ey —vi/Ey 1/E;3 0 0 0
0 0 0 1/G,s O 0
0 0 0 0 1/Gy 0
0 0 0 0 0 1/Gpp
4)

The results shown in Table 5 are compared with that from
Rule of Mixtures (RoM) just to make sure there are no major
errors in the FE analysis.

The thermal load case (seventh case) consists of applying
boundary conditions on the unit cell such that all macro-strains
are equal to zero, and subjecting the entire unit cell to a uni-

Wy — Wy =0

Wzl — W0 =0

Stop form temperature change AT . Usually AT is taken as 1 C. The
coefficients of thermal expansion can be calculated using the
FIG. 3. relation [3]
(e = ——=1C)" () )
AT
TABLE 4
Boundary conditions for the six unit strains and constant temperature case
gy =1 e, =1 Yxz =1 Yy, =1 AT =1
Mal—uao=\/§/2L ual_uaOZO ual_uaOZO ual_uaOZO uzl_uzOZO vzl_szZO ual_uaOZO
ot — o0 = /3/2L upt —tpg =0 ttp1 — o =0 Upy — o =0 U =0 wep = L/2 up — upy =0
Va1 —Vap = 0 Val = Va0 = L/2 a1 — Va0 =0 ue; =0 uep =0 weo = —L/2 Va1 — Vg0 =0
Vpt —vpo =0 Upt —Up0 = —L/2 vp1 —vpo =0 1o =0 v =0 Wyl = Wa0 = L/2 vp1 —vpo =0
vy =Y ve1 =0 Val = Va0 = V/3/2L v =0 Weo — Wo1 = L/2ve1 =0
Vo = —Y Vo =0 b1 — Vb0 = V/3/2L Wy — wyo = ~/3/2L veo =0

Wi — Wy0 = Wy — Wy =0 w1 — weo = ~/3/2L Wy — Wy =0
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TABLE 5
Comparison of elastic constants obtained using the
micromechanics and rule of mixtures. Elastic moduli are in

GPa

Property FEA Results RoM Difference
E, 159.1 159.1 0%
E, = E3 8.3 7.9 5%
G2 33 2.8 18%
Gz 3.6 2.8 29%
G 39 — -

Vi2 =V13 0.253 0.26 3%
V23 0.436 — —

where {0}(7) are the macro-stresses corresponding to the thermal
case (seventh load case). For the present example problem «’s
are found to be

(0951 —0.16
0 =1 267 % x107%/C (6)
X3 26.7

Table 6 shows a comparison between the above CTEs and the
values calculated using the rules of mixtures (RoM) [6]. It can
be seen that the relative error between the FEA and the RoM
results for «; is somewhat larger than that for o«,. However,
it should be noted that both values of «; are close to zero,
and there will be no significant thermal strains in the fiber
direction.

3. MICROMECHANICAL FAILURE ANALYSIS

The objective of the micromechanical failure analysis (MFA)
is to use the results of micromechanical stress analysis in
order to predict failure initiation in the composite. Let us
consider a composite laminate subjected to force resultants
(Ny, Ny, Nyy), moment resultants (M,, M, M,,), and temper-
ature differential AT . Then, we can use the micromechanics to
determine the micro-stresses in each of the element used in the
finite element analysis of the unit-cell. Since we know the failure
criteria of the fiber and matrix materials and also the interface,
we can determine if failure has initiated in any of the elements.
Of course, failure of one element cannot be considered as the ul-
timate failure of the composite. However, it is similar to first-ply

TABLE 6
Comparison of CTEs obtained using micromechanics and rule
of mixtures (RoM). CTEs are in ppm/C

Property FEA results RoM Relative error
) —0.16 -2 x 1077 —
Xy = &3 26.7 28.8 8%

w i
[ =
= :
~ ;
o i
50
-100 :

I i 1 i i L i 1 i i

-2000 -1500 -1000 -500 0 500 1000 1500 2000 2500
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FIG. 4

failure in laminates, and then the forces acting on the laminate
correspond to failure initiation.

In this work we use the maximum stress failure criteria for
the fiber and matrix materials. The fiber-matrix interface failure
is based on the interface tensile stress and the interfacial shear
stress [2]. We assume if the interface is under compression, it
has no effects on interfacial failure.

Let the force and moment resultants in the laminate be repre-
sented by {N} and {M}. The mid-plane strains and curvatures
in the composite can be calculated using the classical lamination

o, [MPa]

-100

I i 1 1 i I 1 i
-2000 -1500 -1000 -500 0 500 1000 1500 2000 2500
o, [MPa]

FIG. 5.
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TABLE 7
Comparison of Tsai-Wu failure envelope and DMM failure
envelope for AT = 0and AT = —80C. The modified Tsai-Wu
envelope is denoted by*

AT Over prediction Under prediction
0 4% 12%
—80C 26% 9%
—80 C* 4% 11%

theory as [6]

ol _[AB] [ N+Nr o
k| | BD M + My
where the laminate stiffness is defined by the so called A, B and
D matrices, Ny and M7, respectively, are the thermal forces and

moments. Then, the strains in a ply of interest in the laminate at
a location z is obtained as

Ex
&y ¢ ={eo} +z{k} ®)
yxy

The strains can be transformed to obtain the strains
[e1 €2 v, 1" in the principal material directions. The stresses
in the ply are then derived as

(o)1 &1 9]
oy ¢ =[0] € ¢ — AT {

9
T12 Y12 0 ©)

03 = 731 = 1733 = 0 (plane stress)

We will assume the transverse shear strainsy 3 andy,; inthe
ply are negligibly small. The extensional strain €3 is calculated
from the plane stress assumption as

€3 =——>01 — —02 (10)

TABLE 8
Uniaxial strengths of the composite at room temperature
(AT = 0)and at AT = —80 C. The strength values are in MPa

Strength A=0 AT =-80C
Sit 2,315 1,593
Sic 1,810 1804
Sor 40 37
Sac 99 98
Si2 39 28

AT =-80, modified Tsai Wu

= ; ; . ; ; : ; ! !
I 5 . N T . S T, T — i
= :
= 5
= 3
o~ :
o h
A0ke -
o 3 - I
-100 _OCQQQ, ."-'-'I ...................... A
i i i i i : i i i i
-2000 -1500 -1000 -500 0 500 1000 1500 2000 2500
o, [MPa]
FIG. 6.

Having calculated all the six (macro) strain components and
temperature in the ply, we can apply the micromechanical failure
analysis (MFA) to check if the ply failure has occurred or not. Let
the macro strains in the ply be represented as a 6 x 1 column ma-
trix {e }, where the superscript M denotes that these are macro-
strains. Then the micro-stresses {0o*} in a finite element, say
Element e, of the unit-cell can be obtained by superposition as

{0} = [H] {e"} +AT {5} (11)
(6x1) (6x6) (6x1) 6x1)

where the matrix [H] is the matrix of influence coefficients.
For example, the first column of H contains the six stresses in
Element e for a unit-macro strain ¢; in the composite. The six
columns of H correspond to the six unit-stain cases of DMM
discussed in the preceding section. The column matrix {s}©
contains the stresses in Element e for a unit AT (seventh case of
DMM).

Once we know the state of stress in an element, we can deter-
mine its failure status from its failure criterion. This procedure
is repeated for all the elements including the fiber-matrix in-
terface in the unit-cell FE model. A flow chart describing the
aforementioned procedures is presented in Figure 3. Details of
the DMM failure analysis have been given in various papers,
e.g., [2-5].

MM

X \/h/.[x=Mg

FIG. 7.
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4. DMM FAILURE ENVELOPE

The micromechanical failure analysis procedures described
above can be used to develop failure envelopes for the compos-
ite. In this case we start from the macro-stresses in the ply rather
than from force and moment resultants. For example, the failure
envelope in the 0 — 0, plane can be developed by varying the
values of these two macro-stress components and determining
various combinations that correspond to failure initiation in the
composite. Such a failure envelope is shown in Figure 4. In this
figure the symbols denote the DMM failure envelope.

From the DMM failure envelope one can develop phe-
nomenological failure criteria. For example, the Tsai-Wu failure
criterion under plane stress conditions is given by

Fi107 + Fnot + Fetiy + Fio) + Fop = 1 (12)

The F's in the above equation are strength coefficients that
can be expressed in terms of uniaxial strengths as follows [6]:

1 1 1
Fi=———, Fii=
SlT SlC SlT'SlC
1 1
= — — — Fp= (13)
7 S Soc 27 S Soc
1
Fep = —
66 52

where Sir and S;¢ are the tensile and compressive strengths in
the 1-direction (fiber direction), S,y and Syc¢ are the strengths
in the 2-direction (transverse directions) and S, is the shear
strength. It should be noted that we have not included the cou-
pling term Fj,0;0, on the LHS of Eq. (12). We found a better
fit to DMM results without the coefficient Fi,. Narayanaswami
and Adelman [7] have also made the same observation in fitting
the experimental results to Tsai-Wu failure envelope. We can es-
timate the strengths S;7, Sic, Sxr and Sy¢ using the DMM, and
then use them in the above equations (Eqs. 12 and 13) to plot the
phenomenological failure envelope. It should be noted that we
have replaced physical testing in the laboratory by the simula-
tions on the unit-cell in order to determine the strength values of
the composite. For the example considered herein, the Tsai-Wu
envelope is shown by solid line in Figure 4. One can note that
there are areas wherein the Tsai-Wu is conservative compared
to DMM and there are areas where it overestimates the strength.
The comparison between the two failure envelopes is given in
Table 7 in terms of percentage of areas where the Tsai-Wu over
predicts the strength determined by DMM. One can note that
the Tsai-Wu criterion over-predicts (un-conservative) 4% of the
cases and under-predicts (conservative) 12% of the cases. The
areas were computed from the figure using the software Solid-
Works.

5. EFFECTS OF THERMAL STRESSES ON THE FAILURE
ENVELOPE

The aforementioned procedures were repeated for the case
AT = —80 C. The DMM failure envelope is shown in Figure 5.
In the same figure we have shown the Tsai-Wu failure envelope
also. One can note that the DMM envelope is smaller indicating
there is an apparent loss of strength. In fact the tensile strength
in the 1-direction has significantly reduced (Table 8). Similar
observations were also made by Whitley and Gates [8]. Note the
deviation between the DMM at —80 C and Tsai-Wu is significant
as indicated in Table 7 (third row of Table 7). At AT = —80
C the T-W theory over-predicts the strength 26% of the time.
The reduction in strength is due to micro-thermal stresses that
develop, especially in the matrix phase. As we will demonstrate
in the next section, these effects could not be captured by the
laminate level thermal stress analysis. We suggest modifying the
Tsai-Wu failure envelope with the strengths measured at —80 C.
The uniaxial strengths at AT = —80 C were obtained form the
DMM analysis. The strength values are given in Table 8. Using
these strengths one can plot the modified T-W envelope, which is
shown in Figure 6. One can note that the modified T-W envelope,
which is adjusted for micro-thermal stresses, fit the DMM data
well. It over-predicts strength only 4% of the time (last row
of Table 7). To further illustrate the practical application of
modified Tsai-Wu criterion we present two illustrations in the
next section.

6. ILLUSTRATION OF MODIFIED TSAI-WU
CRITERION

We illustrate the application of modified Tsai-Wu criterion
in two example composite structures. Example 1 is a pressure
vessel subjected to both hoop stresses and longitudinal stresses.
Example 2 is a laminate subjected to bending moments M, and
M. We calculate the maximum loads that can be applied before
failure at room temperature (A7 = 0) and at a cryogenic tem-
perature (AT = —80 C). For both plates Classical Lamination
Theory (CLT) is used to find the ply stresses. These stresses are
then input to the DMM procedure and the Tsai-Wu failure crite-
rion to obtain the maximum load that can be applied according
to each method. We tacitly assume that there are no residual
thermal stresses at room temperature.

6.1. Example 1

Consider a thin-walled composite pressure vessel with closed
end caps. The force resultants are given by N, = pD/4, N,=
pD/2 and N, =0, where D, the mean diameter, is taken as 1 m.
Our goal is to determine the maximum allowable pressure p us-
ing both DMM and Tsai-Wu failure criterion. We consider four
different symmetric laminates as listed in Table 9. The strength
coefficients listed in Table 8 are used in determining the max-
imum pressure that can be applied according to T-W criterion.
This is a straightforward textbook problem [6]. In applying the
DMM we chose an iterative approach where the pressure p is
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TABLE 9
Maximum pressure pyax Of the pressure vessel calculated for
various lay-ups and failure criteria at AT = 0. The pressure is
given in MPa. The percentage-difference between the DMM
and Tsai-Wu results are given in parentheses

Lay up DMM Tsai-Wu (% difference)
[0, 90, 901 3.48 3.38 (—3%)
[0, 60, 60]s 4.36 4.22 (—3%)
[90, 60, 60, O]s 2.56 2.43 (—5%)
[90, 45, 45, 0] 3.41 3.24 (—5%)

increased from a low value until failure is noticed in one of the
finite elements in the micromechanical model of the unit-cell
(see flowchart in Figure 3). We performed the calculations for
both room temperature (AT = 0) and a cryogenic temperature
(AT = —-80C).

The results are listed in Table 9 for AT = 0. From Table
9 one can note that the Tsai-Wu theory predicts the maximum
pressure quite well. Actually, the predictions are conservative
(safety factor >1) and the difference is within 5%. On the other
hand at cryogenic temperature (3rd column of Table 10) the T-
W predictions are non-conservative (safety factor <1) and the
deviation from DMM are in the range of 22-34%. This is due
to the fact that the classical laminate analysis takes into account
the thermal stresses that arise due to mismatch in the CTEs of
the plies, but it does not account for the micro-thermal stresses.
However, the micro-thermal stresses are accounted for by the
modified Tsai-Wu criterion using the adjusted strength coeffi-
cients. The maximum pressures calculated using the modified
T-W criterion are shown in the last column of Table 10. Still the
results are non-conservative; however the deviation from DMM
results is much less.

6.2. Example 2
In the previous example the laminate was subjected to in-
plane forces only. In the second example we consider the same

TABLE 10
Maximum pressure pmax Of the pressure vessel calculated for
various lay-ups and failure criteria at AT = —80 C. The

pressure is given in MPa. The percentage-difference between
the DMM and Tsai-Wu results are given in parentheses

TABLE 11
Maximum bending moment M,,x for various lay-ups and
failure criteria at AT = 0. The bending moment is given in
N-m/m. The percentage-difference between the DMM and
Tsai-Wu results are given in parentheses

Lay up DMM Tsai-Wu (% difference)
[0, 90, 901, 965 1034 (7%)
[0, 60, 60] 617 621 (1%)
[90, 60, 60, O]s 502 544 (8%)
[90, 45, 45, 0] 958 966 (1%)

laminates subjected to bending moments Mx = M, = M, and
we determine the maximum M, before failure using both DMM
and Tsai-Wu theory. As before we consider two cases AT =
0 and AT = —80 C. The results are summarized in Table 11
for AT = 0 and in Table 12 for AT = —80 C. The results are
very similar to those for Example 1. The T-W criterion works
well at room temperature (see Table 11) although the results
for Momax are slightly un-conservative. Again at AT = —80 C
(Table 12) we have to use the modified T-W criterion to predict
the maximum bending moment accurately.

7. CONCLUSIONS

The Direct Micromechanics Method (DMM) is a powerful
tool to determine if a composite laminate can withstand a given
set of force and moment resultants at a given temperature. How-
ever, this is an expensive method, as each element in the finite
element model of the unit-cell has to be analyzed for failure.
On the other hand, phenomenological failure criteria such as
Tsai-Wu criterion can be derived from the DMM, and can be
efficiently used. Traditional thermo-mechanical stress analysis
of composite structures account for thermal stresses at ply-level
that arise due to difference in CTEs of the plies. However, there
are thermal stresses at micro-level due to mismatch in CTEs of
fiber and matrix materials, which are not accounted for in the

TABLE 12
Maximum bending moment Mon,x for various lay-ups and
failure criteria at AT = —80 C. The bending moment is given

in N-m/m. The percentage-difference between the DMM and
Tsai-Wu results are given in parentheses

Lay Tsai-Wu Modified Tsai-Wu Lay Tsai-Wu Modified Tsai-Wu
up DMM (% difference) (% difference) up DMM (% Difference) (% Difference)
[0, 90, 901 1.28 1.72 (34%) 1.38 (8%) [0, 90, 901 360 453 (26%) 370 (3%)

[0, 60, 60] 1.60 2.06 (29%) 1.67 (4%) [0, 60, 60] 260 305 (17%) 258 (—1%)
[90, 60, 60,0]s  0.99 1.21 (22%) 1.00 (1%) [90, 60, 60, 0]s 195 247 (27%) 205 (5%)
[90, 45, 45, 0] 1.32 1.61 (22%) 1.34 2%) [90, 45, 45, 0], 370 438 (18%) 365 (—1%)
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structural mechanics. This is because of the fact that unidirec-
tional composites are treated as homogeneous materials. The
micro-thermal stresses can be significant at cryogenic temper-
atures where large stresses develop in the matrix phase due to
CTE mismatch. The DMM, which is the analysis of the fiber
and matrix elements in the unit-cell, includes the micro-thermal
stresses automatically, and thus provides a more accurate failure
analysis. On the other hand, the Tsai-Wu failure envelope can be
modified to account for the micro-thermal stresses and can be
used in conjunction with the traditional laminate thermal stress
analysis. The proposed method was illustrated in two composite
structures to determine the allowable loads. The modified Tsai-
Wau criterion was able to predict the maximum loads with good
accuracy compared to DMM.
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